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HAMILTONIAN SYSTEMS
IN A NEIGHBORHOOD OF A SADDLE POINT
BY
VIOREL BARBU

ABSTRACT. The behavior of Hamiltonian differential systems associated with
a concave convex function H in a Hilbert space is studied by variational
methods. It is shown that under quite general conditions on the function H
the system behaves in a neighborhood of a minimax saddle point of Hmuch
like as in the classical theory of ordinary differential systems. The results
extend previous work of R. T. Rockafellar.

1. Introduction. Let E be a real Hilbert space with norm |- | and inner
product ( , ). Let H: E X E—[—o0, + 0] be an extended real valued
concave-convex function on E X E. The symbol 9H (x, p) = (—9,H (x, p),
9, H (x, p)) denotes the set of all subgradients of H at the point (x, p), i.e.,

—93.H(x,p)={v € E; H(x,p) > H(y,p) — (x — y,v)forally € E},
BH(x,p)={w€E E;H(x,p) < H(x,9) + (p — ¢, w)forallg € E}.
The operator (which in general is multivalued) dH: E X E — E X E is called
the subdifferential of H. If H is Gateaux differentiable with respect to x and

P, 0H (x, p) reduces to the gradient V H (x, p) of H at (x, p).
In this paper we shall study the differential system

x'(t) €9, H(x(2), p(2)), aet >0, iy
p'(t) € —3,H(x(£),p(1)), ae.r1>0, (L1)

in the neighborhood of a saddle point (%, ) of H. By a solution to (1.1) over
[0, +oo[ we shall mean a pair of absolutely continuous functions x: [0,
+oo[— E and p: [0, + oo[— E such that (1.1) is satisfied for almost all ¢ > 0
(we have denoted by ' the differentiation symbol d/dr).

Such a system is called a generalized Hamiltonian system and it arises for
example in the characterisation of optimal arcs in the convex problem of
Lagrange (see e.g. [1])

min{ fo " L(x(1), ¥(£)) dt; x(0) = xo}. (12)
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Here L is the Lagrangian function corresponding to H, i.., L(x, u) =
sup{(p, u) — H(x,p);p € E}forallx € Eandu € E.

It is well known that every saddle point (X, ) of function H satisfies the
equation (0, 0) €9H (%, p). This fact says that (X, p) is a stationary solution
of the system (1.1). Proceeding as in [9] we shall make a translation, so that
the saddle point (%, p) appears at the origin. Specifically, we define

H(x,p) = H(x + %,p + p) — H(X, p)
and observe that H is concave-convex and satisfies (0, 0) €9H (0, 0), H (0, 0)

= 0. It should be observed also that the solutions to the given system (1.1) are
the translates by (X, p) of the solutions to

(P'(2), X' (1)) €0H (x(£), p(2)), ae.t>0.
In this way the problem is reduced to the study of the Hamiltonian system
(1.1) in a neighborhood of (0, 0). Moreover, we may assume that

(0,0) €0H(0,0), H(0,0)=0, (1.3)
or, equivalently,
H(x,0) < H0,0)=0< H(0,p) forallx € E,p € E. (14)

In a recent paper [9] (see also [10]) R. T. Rockafellar investigated the
existence of solutions (x(?), p(¢)) tending to 0 as t > + o0 or as t - — o0 in
the case of a finite dimensional differential system of the form (1.1). Theorem
1 below extends these results to Hamiltonian systems (1.1) defined on the
Hilbert space E.

Now we proceed to formulate the main results precisely. The following
conditions on H will be considered.

(a) The function H (x, p) is concave and upper semicontinuous in x for each p
and convex and lower semicontinuous in p for each x.

(b) There exists 1 > 0 such that

— o0 < H(x,p) < +o0 for |x| < n,|p| <. (1.5)
Furthermore, H is strictly concave in x and strictly convex in p for |x| < n and
lp| <.

(c) (0, 0) €0H (0, 0) and H(0, 0) = 0.

(d) For each € > 0 there exist positive constants v;, i =1, 2, such that
|H (x, p)| < &|p| for |x| < m, and |p| < u,.

() For each r € 10, [, inf{ H(O, p); |p| = r} > 0 and inf{ — H(x, 0); |x| =
r} >0.

It should be recalled that (1.5) implies that the operator (multivalued) dH is
locally bounded on 2, = {(x,p) € E X E; |x| < 0, |p| < n}. Thus choosing
7 sufficiently small we may assume that 0H is bounded on X, i.e. there exists
a positive constant C such that
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19H (x, p)I| = sup{|»\| + |¥2l; (¥1,72) EIH (x,p)} < C
for all (x, p) € Z,. (1.6)

Finally, it should be observed that if E is finite dimensional then condition
(e) is implied by the strict concavity-convexity of H.

Let T’ denote the set of all pairs (xg pg) € E X E such that there is a
solution to (1.1) over [0, + oo satisfying

x(0) = x5  P(0) = po; (1.7)
lim x()=0,  lim p(r)=0. (1.8)

t—+ o0
The subset ' ¢ E X E may be viewed as a multivalued (in general)
operator from H into itself. Theorem 1 below gives a detailed description of T
in a neighborhood of the origin.

THEOREM 1. There is a neighborhood U X V of (0, 0) (which can be chosen
arbitrarily small) such that:

(1) U is open and T is one-to-one and demicontinuous (i.e. strongly-weakly
continuous) from U onto V.

(ii) There exists a continuous convex function ¥ which is Gateaux
differentiable on U such that

Ixy = —V¥(xo) forallxy € U. (1.9)

(iii) For each (xy, pg) €E T N (U X V) the solution (x(t), p(?)) to (1.1) over
[0, + oof satisfying (1.7) and (1.8) is unique and remains inT N (U X V).
(iv) T is a solution of the operator equation

H(xy, —Tx) =0 forall xy€ U. (1.10)

(v) If among the solutions to (1.1) over [0, + oo[ there is one, (x(?), p(?)),
which remains in U X V for all t > 0, then it also satisfies (1.8), i.e. p(t) =
Tx(?) forallt > 0.

This theorem can be used to derive similar results for behavior over the
interval | — oo, 0]. To this purpose it suffices to apply the theorem to the
Hamiltonian function H(x, p) = H(x, — p). Thus we may conclude that
under the above assumptions the behavior of (1.1) in the neighborhood of a
stationary point closely resembles that of a classical saddle point in the theory
of ordinary differential systems.

It should be also observed that for U X V sufficiently small, (1.6) shows
that each solution (x(?),p(#)) to (1.1) emanating from (x4, po) € U X V
satisfies

IX(nl < C,  |pP(0)| < C aet>0.

Finally, we notice that part (v) of Theorem 1 can be interpreted as an implicit
function theorem for the concave-convex function H.
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The plan of the paper is the following In §2 we shall develop for later use
some facts concerning the Lagrange problem assoc ated with (1.1). These will
enable us, in §3, to conclude the proof of Theorem 1.

We assume familiarity with basic concepts and results on convex analysis
and theory of concave-convex functions on infinite dimensional spaces (a
detailed account of this theory may be found in [7] and [8]).

2. The Lagrange problem associated with system (1.1). Let Ly: E X E—
] — o0, + o] be the Lagrangian function defined by
Ly(x, u) = sup{(p, u) — H(x,p); |p| < n}. @1
It is well known that L, is convex and lower semicontinuous on the product
space E X E and

H (x,p) = sup{(p, u) — Lo(x,u); u € H} for|p| < nandallx € E.

(2.2)
LeMMA 1. Under assumptions (a)—(€) the following relations hold:
0= Ly0,0) < Ly(x,u) forall|x| <mandu € E, 23)
Ly(x,u) < +o0 forall|x| < nandu € E, 24
lim Ly(0, u)/|u| = 0. (2.5)

|u]—0

PRrROOF. We have from conjugacy formula (2.1) that

Ly(x,u) > —H(x,0) forallx € E,u € E. (2.6)
On the other hand H(x, 0) < O because (0, 0) is a saddle point of H (see
(1.4)). This fact implies that Ly@O, 0) = sup{—H(0,p); |p| < n} =0 as
claimed. As mentioned earlier, condition (b) (part (1.5)) implies (1.6). From
the latter it can be easily derived that the function H (x, p) is Lipschitzian on
2, In particular, we infer that H is bounded on 2, . This fact combined with
(2.2) yields

Lo(x,u) < n|u| + M forall |x| < nandu € E,

where M is independent of x and u. To prove (2.5) we proceed as follows. By
(2.1) it follows that for every u the infimum defining Ly(0, «) is attained in a
(unique) point p,. Hence we have

Lo(0, u) = (p,, u) — H(0,p,) forallu € E. @7

Since the function Ly(0, - ) is continuous at the origin and L0, 0) = 0, it
follows from (2.7) that lim, o H (0, p,) = O (we note that | P.| < m). Thus (e)
implies that

lim p, =0. (2.8)

|u|]—0
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Then again using (2.7) we get (2.5), thereby completing the proof of Lemma
1.

For a reason which will be clear later, it will be more convenient to replace
the function L, by

L(x, u) = {Lo(x, u) if |x] < nand|ul <9, 29)
+ 00 otherwise.

The function L is likewise L, convex and lower semicontinuous on E X E.
Thus the Hamiltonian function H,: E X E —[— 00, + 0],

H, (x, p) = sup{(p, u) — L(x,u); u € E}, (2.10)

is concave-convex and closed on E X E (see [7], [8]). The lemma below
shows that the functions H and H, agree on a neighborhood of (0, 0).

LEMMA 2. There is 0 < 8 < m such that
H(x,p)= H,(x,P) for|x| <34, |p| <8 (2.11)
ProoF. For each x € E and p € E the supremum defining H (x, p) is
attained in a point u €3,H (x, p). Hence to prove (2.11) it suffices to show
that for | x| and | p| sufficiently small one has (see (2.2) and (2.9))
sup{|yl;y €E8,H(x,p)} <. (2.12)
To this end we consider y €9, H (x, p) arbitrary but fixed. By definition of
d,H (x, p) we have
(y,p —pw) > H(x,p) — H(x, pw) forall|w| =1,
where p is positive and sufficiently small. Setting w = y /| y| one sees that for
all |p| < p/2 and |x| < 7 one has

|y| < (H(x, pw) — H(x,p))/2p.

Thus applying (d) we deduce that |y| < 7 for all x, p € E with |x| < § and
|p| < & where & is suitably chosen. This completes the proof.
Let ¥: E —[0, + oof be the function defined by

¥(xo) = inf [ fo ® L(y(1),y'(¢)) dt; y(0) = xo} (2.13)

where the infimum is over the class of all absolutely continuous arcs y:
[0, + o[> E. If L(y,y") is not summable over [0, + oo[ we consider the
integral in (2.13) to have the value + co by convention. The convexity of L
implies the convexity of ¥ on E. Let D (¥) be the effective domain of ¥, i.e.,

D(¥) = {xo € E; ¥(xp) < +0}.

We next prove under assumptions (a)—(e) several results for the function ¥
that will be used ultimately to prove Theorem 1.
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LEMMA 3. One has
D(¥) = {x0 € E; |xo| < n} = S,
Moreover, for each x, € S, the infimum defining ¥(x,) is attained in a unique
arc x(t) satisfying
lim x(¢) = 0. (2.19)
t—>0o0
PROOF. Let x, be fixed in S,. Then y(f) = x, exp(—¢) is a feasible arc in
problem (2.13). In fact since Ly(0, 0) = 0 and 9L, is locally bounded on Z,
(see Lemma 1), it follows that L(y,y") € L'(0, ). Therefore, S, C D(¥).
The justification of the converse inclusion is seen by (2.9). Let x, € D (¥) be

fixed and let {x,} be a sequence of absolutely continuous functions over
[0, + oo[ such that

%, ()] <m,  |x ()] < aet>0,

¥(x0) < [ Lo(x,(t), 5(1)) de < ¥(xo) + 1/m. (2.15)
()
Extracting a subsequence, if necessary, we may assume that
x,—>x weaklyin L*(0, oo; E), 216
x, — x' weakly in L*(0, o0; E). (2.16)

We then have

x(H) <m,  |X() <n aet>0. 2.17)
On the other hand, it is well known that for every T > 0 the function
(¥, v) > ¥ Ly(¥(2), v(¢)) is convex and lower semicontinuous (equivalently,
weakly lower semicontinuous) on L*(0, T; E) X L*(0, T; E). This fact
combined with (2.15)+2.17) yields

¥(xo) = fo ® L(x(1), x'(1)) dt.

To prove the uniqueness of x(7) it suffices to observe that in view of (b) and
(2.1) the function L, is strictly convex on Z,.

By using (2.6) it follows that — H (x(f), 0) € L'(0, o). Inasmuch as the
function x — H (x, 0) is continuous on S, and x(¢) is uniformly continuous
over [0, + oo[ (because |x'(¢)| < 7, a.e. t > 0), we deduce that lim,_, . H (x(¢),
0) = 0. Then it follows from (€) that lim,_, . x(f) = 0 as claimed.

LEMMA 4. The function ¥ is continuous on S, = {xo € E; |xo| < n} and for
every o € )0, n[ there exists p > 0 such that

{x0 € E; ¥(x0) < p} C S, (2.18)

PROOF. Since ¥ is convex and finite on S,, to prove that ¥ is continuous on
S, it suffices to show that it is lower semicontinuous on this subset. But this
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follows by a standard argument involving Fatou’s lemma, which we do not
reproduce here. To prove the second part of this lemma we set x(x) =
— H(x, 0) and fix x, in D(¥) = S,. Let x be the unique arc which yields the
minimum in the definition of ¥(x,). We have (see e.g. [2, p. 189])

2 x(x() = (Bx(1), (1)) ae.t>0,

where Bx(f) is any measurable section of dx(x(?)). Since dx is locally
bounded (in fact it is bounded) on S, we get that

|5 X(x(@)

where M is a positive constant independent of x,. Observe that this inequality
combined with the obvious relation

¥(xo) > [~ x(x(1)

<M aet>0,

entail
Tx(xo) < ¥(xo) + MT? forall T >0

and, hence,

|%0] € @ ' (¥(x0)/T + MT) forall T >0, (2.19)
where w: [0, + oo[— [0, + oo[ is defined by

w(r) = inf{x(x); |x| = r}.

The function w is continuous, monotone increasing and «(0) = 0. Further-
more, (¢) implies that lim,_yw~!(r) = 0 and (2.19) thus implies that |x,| < o
if ¥(x,) < p (p suitably chosen) as aimed.

It is convenient for later purposes to reduce problem (2.13) to a variational
problem on a finite interval.

LEMMA 5. Let x, € D(¥) and let x be the unique arc which yields the
minimum in ¥(x,). Then for every T > 0, x is the unique solution of the
minimization problem

it [T L0 d+ YRy =%} @)
Furthermore, the value of (2.20) is ¥(xy) and

Hx(1)) = [ * Lo(x(t), x'(1)) dt forall T > 0. @21)

PROOF. Let y be any feasible arc in (2.20). Then |y(1)| < 7 for all £ > 0

and, hence, by Lemma 3 the infimum defining ¥(y(T)) is attained in a
unique arc z(¢). In other words,
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¥(y(T)) = fo * Lo(z(2), 2’(8)) dt,  |z(®)| < n,|2'(¢)] < mae.t >0,
and z(0) = y(T). Let y: [0, + oo[— E be defined by

. y(0), 0t T,
y(@) = 2
z(t=T), T<t< +oo.

In consequence,

¥(xo) = [ Lo(x(2), x'(0) de < [ 7 Lo(5 (1), 5'(1) d

- fo " Lo(y (1), y'(9)) di+ ¥(»(T)).

This demonstrates that

¥(xo) < inf{j: L(y(t),y'(2)) dt + ¥(y(T)); y(0) = xo} (2.22)
and

¥(x(T)) > [ 7 Lo(x(1), ¥ (1)) . (2.23)
T
On the other hand, by definition of ¥(x(T)) it follows that

¥(x(T)) < [ 7 Lo(r(),y'(0) d

for all absolutely continuous arcs y(¢): [0, + oo[— E satisfying |y(?)| < 7,
[»'(9)] < mae.t > 0andy(0) = x(T). In particular, for y(#) = x(t + T) we
have

¥(x(T)) < fT * L(x(2), x'(£)) dt.

Combined with (2.22) and (2.23), this yields (2.21), thereby proving the
lemma.

3. Proof of Theorem 1. We begin with the construction of the neighborhood
U specified in Theorem 1. Let dL,: E X E — E X E be the subdifferential of
L,. It follows by Lemma 1 (part (2.4)) that the operator (multivalued) 9L, is
locally bounded on Z; = {(x,u) € E X E; |x| < 8, |u] < 8} where 0 < & <
71 (in the sequel § will be chosen as in Lemma 2). Redefining & if necessary,
we are therefore justified in assuming from now on that

19Lo(x, w)l| = sup{|yy| + |yal; (¥1, ¥2) ELo(x, w)} < Co
forall (x,u) € Z5. (3.1)
On the other hand, by Lemma 1, part (2.5), we have
Ly(0, u)/|u| < 8/2 forall Ju| < 9. 3.2)
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We choose o in such a way that
0<o<¥/Cy< 6 33)
where C,, is the constant arising in (3.1). Let p be the positive number which
corresponds to ¢ in virtue of Lemma 4 and let
U = {x, € E; ¥(xo) < p}- 34)
Thus, U is an open neighborhood of 0 and it is contained in the ball
S, = {xo € E; |xo| < 0}.
Let L,: E X E—[0, + oo and ¥,: E — [0, + oo[ be the convex functions
defined by
|x = yP + Ju — of
2\
¥,(x) = inf{|x — y?/2A + ¥(y);y € E}.
We recall that these functions are Fréchet differentiable on £ X E and E,
respectively. Moreover, one has (see [4, p. 39])
Ly(x,u) < L(x,u), Y,(x) < ¥(x) forallA >0 3.5)

L,(x, u)=inf{ +L(y,o);y€E,vEE},

and
lim L(x,u) = L(x u), lim ¥(x) = ¥(x)

for all (x,u) € E X E and x € E. Other properties of these functions may
be found in the above quoted book (see also [2]).

Let x, € U be fixed. Then for every A > 0 and T > 0 we consider the
optimization problem

inf{ f "Ly ) d+ 3 f ") - X ()P at

+ ¥(»(T)); »(0) = xo} (3.6)

where x is the unique arc which yields the minimum in (2.13) (see Lemma 3).
Obviously (3.6) admits a unique solution x,: [0, T] — E. Moreover, it follows
by a standard argument that for each A > 0 there exists a function p,:
[0, T] — E which satisfies together with x, the Euler-Lagrange equations

(PA(D: A (D) + X' (1) = x3(1)) =Ly (xr(£), A(1)) ae.fr€]0, T[ (3.7)
and transversality conditions
(T) = —3%\(x(T)),  x(0) = xo (338)
The next thing to note is that (3.7) yields (by definition of dL,)
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(Pr(1), (1) = x(1) + (PA(D), (1) = %'(1)) = |53(1) = X(D)
> L,(xx (D) X2 (1) — La(x(2), x'(1)), ae.t€]0, T[

and, therefore,

T T
fo %) — X ()P dt < j; L(x(2), x'()) dt+ ¥(x(T))

- [ L@ 50) di= H(x(T) 69)

because ¥,(y) < ¥(y) and L,(»), 7)) < L(y,, y)) forallA >0 and y, y,, y,
in E. Thus proceeding as in [3] we deduce from (3.9) that

im sup ([ 1 (300, 5(0) b + 055 (7)

> [T L (D, y(0)) di+ ¥(p(T))
0

where y(f) is an absolutely continuous arc on [0, T] satisfying y(0) = x,.
Substituting the latter in (3.9) and applying Lemma 5, one sees that

lim xj (1) = *'(1) strongly in L*(0, T; E)

and therefore

’l\i_% x\(#) = x(¢) uniformly on [0, T]. (3.10)
Returning to (2.21) in Lemma 5 we observe it implies that
2 ¥(x(1)) = —Lo(x(1), ¥()) < 0, ae.1>0, (3.11)
and, hence, by (3.4), that
x(t) €U foreveryt > 0. (3.12)

On the other hand we have by definition of 9 ¥, that
(BB (T)), 2u(T) = %o — W) > H((T)) = Fr(30 + T¥),
while by (3.7) it is also true that
(Pa(1), %A (2) — x0) + (Pa(?) + X'(£) — x(£), X3(¥))
> Ly(x\(2), x;(?)) — Ly(x¢: 0), ae.t€]0, T[
and, therefore,

(PA(T), xA(T) — x) >](;T (xr(2), x5(¢) — x") dt— TL(x, 0).

Adding these inequalities and remembering transversality conditions (3.8) we
obtain

Y19 ¥ (3, (T))| < ¥p(xp + YW) + C forallA > Oand |w| = 1.
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But in view of Lemma 3 the function ¥ is locally bounded on S,. Hence for y
sufficiently small, we have
¥,(xo + YW) < ¥(xo + yw) < C for|w|=1andA > 0.

Thus

[a¥\(xx(T))| < C forallA > 0. (3.13)

Now using once again (3.7) and.definition of 3L, we get
(PA(E), a(0) = 8W) + (pa(0) + X(1) = X4(8), %4(0))
> L,(x\(9), x5(2)) — L\(w, 0) for |w| = 1.

Integrating over [0, T'] the latter inequality implies, via Lemma 1,

T
) Im@las<c,
and therefore |p, (#)] < Cforallz € [0, T] and A > 0. Moreover, we have
81pA(0)] < Iaa()] 121 + CIR (O] + I ()] X' (1)), ae.t €]0, T
Since U C S, it follows from (3.3), (3.10) and (3.12) that there exists

0 < 8’ < & such that |x,(#)| < &8’ for all ¢ € [0, T] and sufficiently small A.
This fact, combined with the above inequality, yields

T
f |PA(DP dt< C  for all sufficiently small A > 0.
()

Thus extracting a subsequence, if necessary, we may assume that for A — 0,
py > py weaklyin L*(0, T; E),
Py —>pr Wweakly-starin L®(0, T; E).
Since dL (the subdifferential of L) is maximal monotone on E X E and

AL, = A~Y(I — (I + AAL)™Y), it follows from (3.7), (3.9), (3.10), (3.14) and
(3.15) that (see e.g. [2, p. 42])

(p7(2), pr(2)) €EIL(x(1), x'(1)) ae.t €]0, T[. (3.16)
Similarly, (3.14) implies in conjunction with (3.8) and (3.10) that
pr(T) € —3¥(x(T)) (3.17)

where consistent with the above notations d¥: E — E stands for the
subdifferential of ¥. ‘
We claim that

pr(f) € —3%(x(s)) forall0< ¢ < T. (3.18)

Here is the argument. Let A be arbitrary but fixed in D(¥) and let y:
[0, co[— E be an absolutely continuous arc such that y(0) = 4 and [PL(y(?),
»y'(?)) dt = ¥(h) or, equivalently (see (2.21)),
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Y(h) = fo "L(y(8),y' () di+ ¥(y(¢)) forallt >0.  (3.19)

We fix ¢ in [0, T'] and set z(s) = y(s — f) for s > t. We have from (3.16) and
definition of 9L that

(p7(s), x(s) = 2(5)) + (Pr(s), ¥'(s) = 2())
> L(x(s), x'(s)) — L(z(s), 2’(s)) aet<s<T.
Then, by (2.21) and (3.17),

~(pr(8), x(t) = B) > ¥(x(1) = ¥(»(T)) - [ "L (s),y'(s5)) .
From this and (3.19), it is clear that one will have
= (pr(1), x(£) — h) > ¥(x(t)) — ¥(h).

(3.19) is thereby established because A is arbitrary in D (¥). The next thing to
verify is that p; satisfies the estimate

|pr(1)) < 6 foral0<¢t< Tand T > 0. (3.20)
As noticed earlier, (2.21) implies that

2 §(x(1) = — Lo(x(1) (1) ae.t>0

while (3.18) yields

2 §(x(1) = =(pr(1), X(1) 2€.0<i<T.
Hence

Lo(x(0), x'(2)) = (pr(), x'(1)) ae.0<t<T.
Since L = L, on Z,, the latter equality in conjunction with (3.16) yields

(pr(9), u) < Lo(x(t),u) forall|ul <nandt€[0,T]. (3.21)

Also by definition of dLy(x, #) we have

Lo(x(1), ) < Lo(0, u) + (3, x(9)) for|u| <
where (y, 0) € dLy(x(?), u). Then by (3.2), (3.3) and (3.21) we get (3.20) as
claimed. By Lemma 2, H(x,p) = H\(x,p) for |x| < § and |p| < §. This
easily implies that dH (x, p) =9H,(x, p) if |x] < & and |p| < 8. Since by
(3.12) |x(?)] € o < §, and | p(?)] < 8 by (3.20), we may conclude that

0H, (x(2), pr(?)) =0H (x(),pr(t)) ae.t€]0,T[ forallT >0. (3.22)
On the other hand, it is well known that (3.16) can be equivalently written

as

(p7(0), x'(¢)) €0H,(x(t), pr(t)) ae.0<t<T.
Comparison of this relation with (3.22) shows that x(¢) and p;(f) satisfy
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x'(t) €3,H (x(1), pr(?)) 2e.0<t<T,
pr() € =9, H(x(1),pr(t)) ae0<t<T.

Recall that by assumption (b) the function p — H (x, p) is strictly convex in
the neighborhood S, of 0. In particular, this fact implies that if 9,H (x, p)
NJ,H(x, q) # then p = g, which implies the uniqueness of function p,
satisfying, together with x, (3.23). In particular, it follows that p,(¢) = pr(f)
over [0, T]if T’ > T. Thus the function p: [0, co[— E defined by

p() =pr(t) for0<t<T
satisfies with x(¢) the Hamiltonian system (1.1), i.e.,
x'(f) €3,H (x(t), p(1)), ae.t >0,
p'(1) € =9, H(x(1),p(1)), aet>0.
Moreover, one has (see (3.18))
p(?) € —9¥(x(¢)) forallt > 0. (3.25)
Coming back to (3.21), we obtain
[p(2)] < Colx(9)|/|u] + Lo(0, u)/|u| forallz > Oand |ul < 8. (3.26)
Inasmuch as lim,_  x(#) = 0 and L0, u)/|u| — 0 as |u| — 0, we deduce that
tlgg p(t) =0.

(3.23)

(3.24)

Summarising at this point, we have shown that for every x, € U there
exists a unique solution (x(¢), p(?)) to system (1.1) satisfying (1.8) and
x(0) = x,. (The uniqueness of x follows as seen earlier from the extremal
property of this arc and the strict convexity of H as a function of x.)

This simply says that the operator I' defined in §1 is defined on all of U.
Moreover, (3.25) yields

—T'x, €3%(x,) forallx, € U. (3.27)

It is clear from (3.12) that the solution (x(?), p(?)) to (1.11) emanating from
points of I' N (U X T(U)) remains in this set. Thus part (iii) of the theorem
was established with U constructed as above and V = I'(U). As remarked
earlier the strict convexity of H (x, p) in p implies the uniqueness of p(f) in
(1.1). In other words, for each x, € U, there is no more than one p, € E such
that p, € I'x, (i.e. I is single valued on U). Similarly, the strict concavity of
H (x, p) in x implies that for each p, € V, there is no more than one x, € U
such that p, € T'x,. Thus T is single valued and one-to-one from U onto V.
It should be observed also that (3.26) for ¢ = 0 gives

[P(0)] = ITxo| < Colxol/|u| + Lo(0, u)/|u| for |u| < 8.

Using once again Lemma 1, part (2.5), we deduce that, no matter what ball
S, = {p € E; |p| < o} is specified, we can choose U as above such that
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V =T(U) C S,. In particular, this fact shows that the neighborhood U X V
can be chosen arbitrarily small.

Next we shall prove that T is demicontinuous on U, i.e. T is continuous
from the strong topology of E to weak topology of E. Let {xg} C E be
strongly convergent to x, as n — oo and let pg = I'xj. By definition of T’
there exists a pair (x,(?), p,(?)) satisfying over [0, + oo[ the system

X, (1) €3, H (x,(2), pa(2)), ae.t>0,

(3.28)
Pi(1) € =3, H(x,(2), p.(2)), ae.t>0,
with initial conditions
x,(0) = x5,  P.(0) = pg, (3-29)
and
lim x,(f) = lim p,(t) =0 foralln. (3.30)
t—o00 t—00
Moreover, (3.25) shows that
P.(1) € —3¥(x,(r)) forallt > 0. (3.31)

Since d ¥ is monotone on E X E, the latter implies that for every T > 0,

lim sup j(;T ((%n () = %0 (2)s P2 (1) — P(2))

+ (P() = P'(1), %,(1) — x,,(1))) dt
< = lim_ (p; = pm X0 = Xm) = 0. (3.32)

m,n—>o0

Since (x,, p,) all belong to Z;, and by (1.6) 3H is bounded on Z, D =;, we
may suppose that for n — co, we have

x, — % weaklyin L2(0, T; E),

; ) (3.33)
p,—p weaklyin L*(0, T; E),
respectively,

x,—> % weakly in L?(0, T; E),

pn—p weakly in L2(0, T; E).
Denote by A the realization of the operator dH from the space (L%, T; E)
X L0, T; E)) into itself. In other words,

Ay, (1) =3H (1), q(1) ae.t>0.

This operator remains maximal monotone so that according to a well-known
result (see e.g. [2, p. 42]), relations (3.28), (3.32), (3.33) and (3.34) give

(F/(1), ®(1)) €3H (%(£), 5 (1)), ae.t€]0, T[. (3.35)

(3-34)
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Clearly
£0) =xp  5(0)=po (3.36)
and
lim x,(T) = #(T), lm p(T)=F(T) (3.37)

in the weak topology of E. Again using (3.28) and the monotonicity of dH we
get
lim inf (x,(T) = %u(T): Pa(T) = Pm(T))
im i 0_ .0 0 _ 0)_
> 1}}:{2_1)9“! (x" xm’ pm pn) 0-

Since 9V is maximal monotone from E into itself the latter inequality
combined with (3.31) and (3.37) yields

P(T) € —9¥(%(T)). (3.38)
It is well known that the Hamiltonian equations (3.35) together with the
transversality condition (3.38) imply the solution of the Bolza problem (see [3]

for a treatment of more general problems of this type in the Hilbert space
general setting)

inf{ f "L,y dt + ¥(y(T)); y(0) = xo}. (3.39)

But as seen in Lemma 5 the unique solution of (3.39) coincides over [0, T]
with the function x: [0, + co[— E which yields the infimum in ¥(x,). Since
xo € U, there exists an absolutely continuous function p(?): [0, + oo[— E
satisfying, together with x(7), the Hamiltonian system (1.1) and relation (1.8).
Thus as observed earlier, (3.35) implies that p(¢) = p(¢r) over [0, T]. In
particular, it follows that p, = p(0) = I'x,. Hence we have shown that
lim,_,  T'xg = I'x, in the weak topology of E.

Now we shall prove that 9 ¥ is single valued and agrees with —I" on U. Let
x, be arbitrary but fixed in U and let y, be any element of 0 ¥(x,). Since
—TI cdV¥ on U and 3 ¥ is monotone we have

— (Tu + yp,u—x5) >0 forallu € U. (3.40)

Let v be arbitrary in E and let y, = txo + (1 — f)o, 0< ¢t < 1. For 1 — ¢
sufficiently small, 4, € U and, therefore, (3.40) yields :

}in} (Tu, + yo,v — xp) < 0.

Since T is demicontinuous and v is arbitrary we have immediately that
T'xq = — y, as claimed. Note that the facts that 9 ¥ is single valued and ¥ is
continuous on U imply by a well-known result that ¥ is Gateaux
differentiable on U and its Giteaux differential V¥ agrees with ¥ on U.
Now we shall prove that ¥ = I'(U) is a neighborhood of the origin. Let y
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be arbitrary but fixed in E. Inasmuch as 9 ¥: E — E is maximal monotone
and its domain is bounded (in fact it is contained in D(¥) = S,), the
equation 9 ¥(x) 3 y has at least one solution x, € §,. Multiplying each side
of the preceding equation by x, one has that
¥(xo) < |xof [¥] < iyl

It now follows directly from Lemma 4 that x, € U if |y| < y where v is
sufficiently small. In other words we have shown that V' = I'(U) contains the
open ball S, = {x, € E; |xo| < v} as claimed.

All that is left to prove in Theorem 1 are parts (iv) and (v). Fix any
(x¢ Po) ET. Let x and p denote the corresponding unique solution to (1.1)
over [0, + oo satisfying (1.7) and (1.8). It follows by (1.6) that H (x(¢), p(?))
is an absolutely continuous function of ¢ € [0, + oo[, and that

2 H(x(1)p(1)) = (x(¥), . H (s(1), p(1)))

+(P'(1), R, H(x(2),p())) =0, ae.t>0.

(The proof is essentially the same as that of Theorem 3 in [6].) We may
therefore conclude that

2 H(x(1)p()) =0 ae.t>0,

thereby proving (1.10).
It remains to prove part (v). Let (X(¢), p(¢)) be a solution to (1.1) over
[0, + oof satisfying
X()e Up@ eV forallt > 0.
Thus by definition of 0H, we have

4 (20,5 (1) > HO,5(1) - H(Z(1),0) ae.1>0.

In particular, this inequality shows that lim,_, , . (%(¢), p(¢)) exists and there-
fore the functions H (0, 5(¢)) and — H (%(¢), 0) are summable over [0, + oo].
Since X(¢) and p(¢) are uniformly continuous over [0, + oo[ (because x'(¢)
and p’(¢) are bounded on [0, + o[ by virtue of (1.6)) we may deduce that

lim H(0,5(?) = ) ligl H(x(1),0) =0.

t—>+ o0
Therefore, by Lemma 1 (parts (2.6) and (2.7)) we infer that lim,_,, %(7) =
lim, ,, . p(t) = 0, thereby proving that (x(¢), p(f)) €T for all # > 0 as
claimed. This completes the proof of the theorem.
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